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Abstract

We demonstrate the equivalence between commonly used test statistics for out-of-sample
forecasting performance and conventional Wald statistics. This equivalence greatly simpli-
fies the computational burden of calculating recursive out-of-sample test statistics and their
critical values. Moreover, for the case with nested models we show that the limit distribu-
tion, which has previously been expressed through stochastic integrals, has a simple repre-
sentation in terms of y2-distributed random variables and we derive its density. We also
generalize the limit theory to cover local alternatives and characterize the power properties

of the test.

Keywords: Out-of-Sample Forecast Evaluation, Nested Models, Testing.
JEL Classification: C12, C53, G17

*Valuable comments were received from Ulrich Mueller, Jim Stock, Frank Diebold, Hashem Pesaran, two
anonymous referees and seminar participants at University of Chicago, University of Pennsylvania, USC, the
Triangle Econometrics Seminar, UC Riverside, University of Cambridge, the UCSD conference in Honor of
Halbert White, and the NBER/NSF Summer Institute 2011. The authors acknowledge support from CREATES
funded by the Danish National Research Foundation.



1 Introduction

Out-of-sample tests of predictive accuracy are used extensively throughout economics and fi-
nance and are regarded by many researchers as the “ultimate test of a forecasting model”
(Stock and Watson (2007, p. 571)). Such tests are frequently undertaken using the approach of
West (1996), which accounts for the effect of recursive updating in parameter estimates. This
approach can be used to test the null of equal predictive accuracy of two non-nested regression
models evaluated at the probability limits of the estimated parameters (West (1996)), and for
comparisons of nested model (McCracken (2007) and Clark and McCracken (2001, 2005)). The
nested case gives rise to a test statistic whose limiting distribution (and, hence, critical values)
depends on integrals of Brownian motion. The test is burdensome to compute and depends
on nuisance parameters such as the relative size of the initial estimation sample versus the
out-of-sample evaluation period.

This paper shows that a recursively generated out-of-sample test of equal predictive ac-
curacy is equivalent to one based on simple Wald statistics. Our result has four important
implications. First, it simplifies calculation of the test statistics, which no longer requires re-
cursively updated parameter estimates. Second, for the case with nested models it greatly
simplifies the computation of critical values, which has so far relied on numerical approxima-
tion to integrals of Brownian motion but now reduces to simple convolutions of chi-squared
random variables. Third, our asymptotic results also cover the case with local alternatives,
thus shedding new light on the power properties of the test. Fourth, our result provides a new
interpretation of out-of-sample tests of equal predictive accuracy which we show are equivalent
to simple parametric hypotheses and so could be tested with greater power using conventional
test procedures.

The paper is organized as follows. Section 2 establishes the equivalence between the out-
of-sample statistics and conventional Wald statistics for any pair of regression models. Section
3 focuses on the comparison of nested models and establishes the simplifications of the limit

distribution for a test of equal predictive accuracy. Section 4 concludes.



2 Theory

Consider the predictive regression model for an h-period forecast horizon
ye =B'Xen +ep, t=1,...,n. (1)

To avoid “look-ahead” biases, out-of-sample forecasts generated by the regression model (1) are
commonly based on recursively estimated parameter values. This can be done by regressing
ys on Xs_p, for s = 1,...,¢t, resulting in least squares estimates Bt = (Zts:l XS_hX;fh)i1
> uey Xs—nYs, and using @t+h|t(3t) = B, X, to forecast y;.p."

The resulting forecast can be compared to that from an alternative regression model that
uses X;_j, as a regressor:

Y = &' X p + N, (2)

whose forecasts are given by gt+h|t((§t> = 52)2}, where &, = <ZZ:1 XS*hXé_h)_l Zizl X nys.
We do not specify how X; is related to X;. In particular, the two models may be nested,
non-nested, or overlapping. We let k£ and k denote the dimension of X; and X, respectively.
West (1996) proposed to judge the merits of a prediction model through its expected loss
evaluated at the population parameters. Under mean squared error (MSE) loss, a test of equal

predictive performance takes the form?

Ho : B[y — Guj—n(8))* = Elye — Giye—n(9))*, (3)

where 5 and 0 are the probability limits of 571 and 5n, respectively, as n — oo. This and related

hypotheses motivate a test statistic based on the out-of-sample MSE loss differential

n

AMSE,, = Z (ye — gt|t—h(3t—h))2 — (yt — Qt|t—h(/ét—h))27
t=n,+1
where n, is the number of observations set aside for initial estimation of 8 and ¢ while ¢t =
np + 1,...,n is the out-of-sample period. This is taken to be a fraction p € (0,1) of the full
sample, n, i.e., n, = [np] (the integer part of np). Test statistics based on AMSE,, appear
in many studies, including Diebold and Mariano (1995), West (1996), McCracken (2007), and

IWe assume that initial values X_1,...,X_ny1, are observed.

2 Another approach considers E[y; — g}t‘t,h(Bt,h)]Q which typically depends on t; see Giacomini and White
(2006).



Clark and McCracken (2014), in comparisons of nested, non-nested, and overlapping regression
models.

Our first result compares the MSE loss of gjt+h|t(3t) to the corresponding loss from the very
simple model that has no predictors, i.e., ¥, +h|t($t) = 0. Although the scope of this result
is obviously limited, this no-change forecast has featured prominently in testing the random
walk model in finance and has also been used as a benchmark in macroeconomic forecasting.
Moreover, results for the general case can be derived from this simple case. We will show that
AMSE,, can be expressed in terms of two pairs of standard Wald statistics, with one pair being
based on the full sample ¢ = 1,...,n while the other is based on the initial estimation sample,
t =1,...,n,. In the case with nested regression models the result simplifies further in a way
that allows us to express AMSE,, as the difference between two Wald statistics.

To prove this result, we need assumptions ensuring that the recursive least squares estimates,
Bt—ha t=n,+1,...,n and related objects converge at conventional rates in a uniform sense. So
we make the following assumption, where ||-|| denotes the Frobenius norm, i.e., || A|| = \/tr{A’A}

for any matrix A.
Assumption 1. (i) For some positive definite matriz, 3,

Lnr]

sup (|2 Xy pn X[y, — r2|| = 0p(1). (4)
rel0,1] —

(17) Let upy = n12X,_pe.. For some I, e RF¥Fj=0,...,h—1, we have

[nr]
sup Z umu;,t,j — [yl = op(1). (5)
re(0,1] || =1

The autocovariances of { X;_pe;} play an important role when h > 1. Define 2 = Z?;i ne1 Ly

and note that 2 is closely related to the long-run variance, Q. := plim,,_, % ZZ,t:l Xsneser X,
whenever it is well-defined. The two are obviously equal when the higher-order autocovariances
are all zero, which would correspond to a type of unpredictability of the forecast errors beyond
the forecast horizon, h; this can easily be tested by inspecting the autocorrelations.

Next, define

[nr] [nr]
Un(T') = Z Unt = n71/2 Z Xt_hgt, for r S [0, 1],
t=1 t=1



so U, € DE . where DF

0,1] 0.1] denotes the space of cadlag mappings from the unit interval to R¥.

In the canonical case, U, will converge to a Brownian motion. The Brownian limit leads to
additional simplifications regarding the limit distribution, which we detail in Section 3. For
now, we only need to make the following high level assumption on Un(%), as the Brownian limit

is not needed to establish the equivalence of test statistics.

Assumption 2. Let M; = %Zizl Xs pX._,. Then

Z U;L(%)(Mt_—]}l_g Junt = op(1), (6)
t=n,+1
LS UL (ML XXM, ~ S0 = o,(). ™

t=n,+1

Equations (6) and (7) are obtained by Clark and McCracken (2001) under mixing and
moment assumptions that guarantee a Brownian limit of U,; see also Clark and McCracken

(2000) and McCracken (2007, pp. 745-746).

2.1 Comparison with No-Change Forecast

Consider first the simple case where the forecasts from the regression model (1) are compared

to the trivial forecast g;;_; = 0. Define the quadratic form statistic

n n -1 n
Su =Y wXi (Z XthX;h> > Xy
t=1 t=1 t=1

This is similar to the explained sum-of-squares in regression analysis — the difference being that

the explanatory variables, X;_j, are not demeaned.

Theorem 1. Given Assumptions 1 and 2

i . 2
> vt = (v =G n(Bn) = Su— S, + Klog p+ 0y(1),
t=n,+1

where k = tr{~71Q}.

Next, consider



2

2 is a consistent estimator of o2. This is a simple Wald statistic associated with the

where &
hypothesis Hy : 8 = 0. Since W,, = 625, Theorem 1 shows that, aside from the scaling by
622, the first two terms on the right side in Theorem 1 are closely related to conventional Wald
statistics — one based on the full sample of n observations, the other based on the initial n,
observations.

Note that the Wald statistic in (8) is “homoskedastic” although we have not assumed the
underlying processes to be homoskedastic. Theorem 1 shows that AMSE,, is related to the
“homoskedastic” Wald statistics for testing Hy : § = 0, regardless of whether the underlying
process is homoskedastic and regardless of whether 8 = 0 or not. As the reader may recall, if
the underlying process is heteroskedastic then, under the null hypothesis (8 = 0) and standard
regularity conditions, W, A Zi-“:l )\iX% as n — 0o, where Aq,..., A\, are the eigenvalues of
0728710 and 3, . .. ,Xi are independent y?-distributed random variables with one degree of

freedom; see, e.g., White (1994, theorem 8.10). Another interesting relation to notice is that,

if Q = Q4 these eigenvalues are related to the constant in Theorem 1, x, as

The expression in Theorem 1 can be used to provide model diagnostics by combining &(p) =
. 2

[Z?:npﬂ yZ — (yt — Z)t|t—h(5t—h)> — Sn+5n,]/log p with a consistent estimator of 62, because

k = k/o? under correct specifications. Moreover, the path of &(p)/c? as a function of p is

potentially informative about parameter instability.

2.2 Comparison of Arbitrary Pairs of Regression-Based Forecasts

Next consider general comparisons of pairs of regression models that could be nested, non-
nested, or overlapping. Analogous to the definitions for model (1), introduce objects for model

(2), 0;2, 20 Fk= tr{i_lfl}, and define

n n -1 n
Su = wXi (Z XthX;h> > Xy
t=1 t=1 t=1

To simplify the exposition, we write g;;_ and gy;_, in place of gjﬂt_h(&g,h) and Jyjs—p (Bi—n)-



Corollary 1. Suppose that Assumptions 1-2 hold for both models. Then

n

Z (ye — gt|t—h)2 — (ye — @t|t—h)2 = Sp — Sp, — (Sp — Snp) + (k= &)logp+op(1).  (9)
t=n,+1
The corollary shows that the difference in the MSE of the two regression models can be
expressed in terms of two pairs of Wald statistics - one based on the full sample and one based
on the initial estimation sample - that test § = 0 and & = 0, respectively. This result holds
regardless of the values of 8 and 4.
The equivalence stated by Corollary 1 is demonstrated by the scatter plots in Figure 1,
where the expression based on the S-statistics is plotted against the expression of the left hand
side of (9), for a number of data generating processes (DGPs). Additional simulation results

for a variety of situation are presented in the Supplemental Material.

2.3 Nested Regression Models

Sharper results can be established for the special case in which one of the regression models is
nested by the other. This case arises when X; = X1;, where X; = (X1 X5,) with Xy, € RF
and Xy € RY, so that k = k + . We decompose § accordingly, i.e., B = (8}, 5;)". The case

with nested models was studied by McCracken (2007) who considered the test statistic

B Z?:npﬂ(yt - gt|t—h)2 — (y — Z:/t|t—h)2

52
0¢

Ty

) (10)

2

. . . 2 _
Z is a consistent estimator of o2 = var(eq4p).

where &
Corollary 1 is directly applicable to this statistic. However, we can use a well known
identity for Wald statistics involving nested hypotheses to simplify the expression. To this end

we partition X into blocks

by °
- _ 11 ’
o1 222

where Y99 is a ¢ X ¢ matrix. Define Y =Ygy — 22121_11212. This matrix is positive definite as

a consequence of Assumption 1. Next, define the auxiliary variables

Zy=Xoy — Xon S} X1y, t+h=1,...,n
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Figure 1: Scatterplots of the terms on the right hand side in (9) (excluding the o,(1) term and
using ¢ = k — k) against AMSE,,. The plots are based on 1,000 simulations where n = 500 and
p = 0.5 and we in the expression. The six DGPs are based on those in Clark and McCracken
(2005) that includes cased with homoskedastic (DGP 1 and 2), heteroskedastic (DGP 3 and 4),
and serially dependent errors (DGP 5 and 6). See Supplemental Material for details.



The variable Z; captures that part of Xo; that is orthogonal to X1;. Also define

n—oo

h—1 n
0= ) T, with T;=plim2Y Z pee 7,
j=—h+1 t=1
The residuals obtained from regressing X ;5 on X ;_; are given by

—1

n n

/ /

Tngn=Xopn— Y XopnX{, (Z Xl,t_hXLt_h) Xigon, t=1,...,n.
t=1 t=1

These can be used to compute the statistic

n n —1 n
S" - Z ytZ;L,t*h (Z Zn,ch%,th) Z Znt—hYt-
t=1 t=1 t=1

S, measures that part of the variation in 7, that is explained by Xo¢—p, but unexplained by
X1 p. Tt is straightforward to verify that W,, = S,,/62 is a conventional (homoskedastic) Wald

statistic associated with the hypothesis 85 = 0.

Theorem 2. Given Assumptions 1-2, the out-of-sample test statistic in (10) can be written as
T, =W, — Wnp + 08_2/%10gp + 0,(1),

where k& = k — &, which simplifies to k = tr{S QY if B2 = n~12b with b € R? fized.

The complex out-of-sample test statistic for equal predictive accuracy, T,, depends on
sequences of recursive estimates. It is surprising that this is equivalent to the difference between
two Wald statistics, one using the full sample, the other using the subsample t = 1,...,n,.

The results in Theorems 1 and 2 are asymptotic in nature, but the relationship is very
reliable in finite samples, as is evident from the simulations reported in Table 1 which use
n = 200 observations. Thus the correlations reported in Table 1 are for out-of-sample statistics
that are based on sums with as few as 34 terms. The main source of differences between the
recursive MSE differences and the Wald statistics is estimation error in 62, because the two
Wald statistics employ sample variances based on different sample sizes, n, and n, respectively.
The correlations between the expressions on the two sides of Equation (9) in Corollary 1 are
about 0.999 across each of the simulation experiments, see the Supplemental Material, or see
the scatter plots of Figure 1 for the case with n = 500. Additional simulation results are

presented in the Supplemental Material.



Table 1: Finite Sample Correlation of Test Statistics (n = 200)

p = PTP DGP 1 DGP 2 DGP 3 DGP 4 DGP 5 DGP 6
0.833 0.2 0.962 0.972 0.959 0.954 0.969 0.955
0.714 0.4 0.975 0.980 0.971 0.963 0.971 0.956
0.625 0.6 0.977 0.979 0.975 0.960 0.973 0.943
0.556 0.8 0.979 0.98 0.977 0.955 0.971 0.947
0.500 1.0 0.980 0.978 0.975 0.96 0.969 0.941
0.455 1.2 0.980 0.976 0.975 0.954 0.967 0.935
0.417 1.4 0.979 0.974 0.976 0.954 0.962 0.934
0.385 1.6 0.978 0.973 0.974 0.948 0.959 0.936
0.357 1.8 0.977 0.973 0.975 0.948 0.959 0.926
0.333 2.0 0.975 0.972 0.975 0.948 0.958 0.927

Finite sample correlations between T, and the expression based on Wald statistics in Theorem
2. The sample size is n = 200, but the simulation design is otherwise identical to that in Figure
1. The results are based on 10,000 replications. The parameter, m = (1 — p)/p, is the notation
used in Clark and McCracken (2005).

3 Simplified Limit Distribution for Nested Comparisons

This section turns to the limit distribution of 7, for comparisons of nested models. The
equivalence between the test statistics established above holds without detailed distributional
assumptions. Under standard assumptions used to establish the limit distribution of T;,, the
equivalence between T,, and Wald statistics has interesting implications for the limit distribution
and results in a simplified expression.

For the asymptotic limit results we shall rely on the following additional assumption that
is known to hold under standard regularity conditions used in this literature, such as those in
Hansen (1992) (mixing) or in De Jong and Davidson (2000) (near-epoch).

Assumption 3.

1 L

% Z Zi_ner = Q}X/JQB(r) on D([JO,I]’
=1

where B(r) is a standard q-dimensional Brownian motion.

Assumption 3 requires that certain linear combinations of U, (r) converge to a Brownian
motion with covariance matrix Qoo, which is defined analogously to Qs as the long-run variance
of {Zt—hgt}-

For the special case where h = 1 and forecast errors are homoskedastic, McCracken (2007)



showed that the asymptotic distribution of 7T;, is given as a convolution of ¢ independent random
variables, each with a distribution of 2 fpl u tB(r)dB(r) — fpl u~2B(r)?dr. Results for the case
with h > 1 and heteroskedastic errors were derived in Clark and McCracken (2005).

The relation between T,, and Wald statistics implies that existing expressions for the limit
distribution of T}, can be greatly simplified and generalized to cover the case with local al-
ternatives. To this end we need to introduce @, defined by Q'AQ = =, Q'Q = I, where
E= JQQQééQE_lQ})f and A = diag(Ai,..., Ag).

Theorem 3. Suppose that Assumptions 1-3 hold. Let B2 = en~Y2b for some vector, b, nor-

malized by ¥'Xb = 02k, and c € R. Define a = b’Xv]Q;}ﬂQ’ € RY. Then

DI [2/ r Bi(r)dBy(r) - / B + (1= ) + o B — B} (11
; P

1
=1 14

where B = (B1,...,By) is a standard g-dimensional Brownian motion. Moreover, the limit

distribution is identical to that of

q
> X [BI1) = p ' Bi(p) +log p+ (1 — p)c® + aie{ Bi(1) — Bi(p)}] .

=1

The contributions of Theorem 3 are twofold. First, the theorem establishes the asymptotic
distribution of T,, under local alternatives (¢ # 0), thereby generalizing the results in Clark
and McCracken (2005) who showed results for ¢ = 0.3 Second, it simplifies the expression
of the limit distribution from one involving stochastic integrals to one involving (dependent)
x?(1)-distributed random variables, BZ(1) and p~!B?(p). Below, we further simplify the limit
distribution under the null hypothesis to an expression involving differences of two independent

x2-distributed random variables.

Theorem 4. Let B be a univariate standard Brownian motion. The distribution of 2 fpl r~'BdB—

fpl r=2B%du is identical to that of \/T — p(Z? — Z2) + log p, where Z; ~ iidN (0, 1).

Theorems 3 and 4 show that the limit distribution of 7),/1/1 — p is invariant to p under the
null hypothesis, whereas the non-centrality parameter, v/IT — pc?, and hence the power of the
test, is decreasing in p. This property of the test might suggest choosing p as small as possible to

maximize power, although such a conclusion is unwarranted because the result relied on p being

3The expression in Clark and McCracken (2005) involves a ¢ X ¢ matrix of nuisance parameters. For the case
¢ = 0, this expression was simplified by Stock and Watson (2003) to that in (11).

10



strictly greater than zero to ensure that (nil Z?ﬁ 1 X hXt—h) ~! s bounded in probability and
Bt is well behaved. Still, comparing the test with p = 0.75 to the test using p = 0.25, the non-
centrality parameter reveals that the former amounts to the same loss in asymptotic power, as
discarding (1 — 1/v/3) =~ 42% of the sample (and using p = 0.25), a substantial loss of power.

The asymptotic results in Theorems 1-4 take the sample split, p, to be fixed, but could be
generalized to be uniform in p over some interval (a,b) C [0,1]. Such results could be used to
develop a test that is robust to mining over the sample split, analogous to the results derived
in Rossi and Inoue (2012).

Because the distribution is expressed in terms of two independent y?-distributed random

variables, in the homoskedastic case where A\; = --- = A\, = 1 it is possible to obtain relatively

simple closed-form expressions for the limit distribution of T};:

Theorem 5. The density of 25:1 [2 fpl r~'B;j(r)dB;(r) — fpl T‘_ZBJ'(T)QCIT} is given by

_ 1 _|x2—\}]11(17g;)p| 00 lo—qlog pl q/2—1 —ug
) = =gy | (utur BT e

For q =1 and q = 2 the expression simplifies to

1) = Kol 5722 and fole) = A exp (72l

respectively, where Ko(x) = fooo %dt is the modified Bessel function of the second kind.

For ¢ = 2, the limit distribution is simply the non-central Laplace distribution. The density

for ¢ = 1 is also readily available, since Kq(x) is implemented in standard software.

4 Conclusion

We show that a test statistic that is widely used for out-of-sample comparisons of regression-
based forecasts is equal in probability to a linear combination of Wald statistics. This equiv-
alence greatly simplifies the computation of the test statistic based on recursively estimated
parameters, regardless of whether the models being compared are nested, overlapping, or non-
nested.

For the case where the forecasts are based on nested regression models, we provide further
simplifications. In this case the test statistics can be expressed as the difference between

two Wald statistics of the same null - one using the full sample and one using a subsample.

11



Moreover, in the nested case, the limit distribution can be expressed as a difference between two
independent y2-distributions and convolutions thereof. We also derive local power properties
for the test which establish that the power of the test is decreasing in the sample split fraction,
P

These results raise serious questions about testing the stated null hypothesis for nested
comparisons in this manner. Subtracting a subsample Wald statistic from the full sample
Wald statistic dilutes the power of the test. Moreover, the test statistic, T;,, is not robust to
heteroskedasticity, which causes nuisance parameters to show up in its limit distribution. In
contrast, the conventional full-sample Wald test can easily be adapted to the heteroskedastic
case by using a robust estimator for the asymptotic variance of Bgm. This result does not,
however, imply that out-of-sample tests of predictive accuracy are without value. Out-of-sample
tests can be helpful in guarding against data mining which may arise when multiple models
are being compared and also provide insights into the effect of estimation error on “real-time”
forecasting performance in a manner that is not reflected in conventional full-sample tests.
However, such robustness comes at the expense of power. Our results help econometricians

better decide which tests to use in a particular situation.
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Appendix of Proofs

We first prove a number of auxiliary results. To simplify the exposition, we will occasionally write ,,

n .
sup,, and sup, as short for Zt:np 41> SUP, f1<t<ns and SUP,¢[p,1)> respectively.

Lemma A.1. Let a; and b; be matrices whose dimensions are such that the product, a;by, is well defined.

Then, forl <m <n,

n n—1 t n m
Z atbt:Z(at—at“)st+aans—amst.
t=m-+1 t=m s=I s=lI s=lI

Proof.

n n t t—1
Z atbt = Z Q¢ (Z bs - b€>
s=I s=I

t=m+1 t=m+1
n t n t—1
= D @) b= ) a) b
t=m+1 s=l t=m+1 s=l

n t

n—1 t
= Z ayt bs — Z A1 E bs
t=m s=l

t=m+1 s=I =

t n m
= (at—at+1)zbs+anzbs—amst.
s=l s=l s=l

O

Lemma A.2. Suppose that sup,<,<1 |5 2=

Ll C)H =0,(1) and let g(x) = x* for a € R. Then
n 1
LS g s [
p

t=n,+1

Proof. Let (i = (Cat — ¢)/n and apply Lemma A.1 with [ =1, m = Ny,

n n—1 t n MNp
Z g(%)gn,t = Z (g(%)_g(%))Zgn,s'i_g(%)z:én,s_g(%)Zé’n,y
t=n,+1 t=n, s=1 s=1 s=1

13



41
The last two terms are easily seen to be 0, (1) and the first term is bounded by % Z?:np 41 M

1/n
z a(b)—g(h)
SUD,, , <t<n 22:1 Cn,s||, which is 0, (1) since ,Zt — 1/771 — f |¢'(r)|dr. Hence
LN 9B =1 D g(L)C+0,(1),
t=n,+1 t=n,+1
and the result now follows from 1 1" 1905 f g(r)dr + o(1). O

Corollary A.1. Given (5) of Assumption 1, we have
%Z %Et—j t—h—j2 X per = —v;log p + 0,(1),
t
where v; = tr{X 7T}
Proof. We have

%thfjnghsz_lthhEt = tI‘{Z 112)(1/ h€tEt—j t h— j}_
t

= t{x" IZuntum i =tr{E7HT; +op(1))},

where the last equality follows by Assumption 1.ii. The result now follows by Lemma A.2 with ¢, +
et X{_p 2 Xpoper = nte{E  up gy, 0}, (= = tr{E7'T;}, and g(r) = r~1, since fpl uwldu =
—log p. 0

Lemma A.3. Suppose Uy = U1 +u; € RY and let M be a symmetric ¢ X ¢ matriz. Then 2U]_; Mu; =
U{MUt - Ut/_lMUt—l - uiMut

Proof. Rearranging the non-vanishing terms in
Ut/MUt — Ut/_lMUt—l = (Ut—l + ’U,t)/M(Ut_l + Ut), — Ut/_lMUt—la

and using u; MU;_1 = U;_; Mu, yields the result. O

Lemma A.4. The following identity holds for AMSE:

Z yr — (g — gtlt—h(ﬁtfh))z =A+2B+2C - D,
t=n,+1
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where

A = D BX, n X[ B8,
t
5/ ZthhEu
t

Cc = Z(Btfh—ﬂ)lthhgm

t

D = Z(Bt—h - 5)1thhX£fh(Bt*h —B).

t

sy
|

Proof. Let & = 3'X; and ¥y = (B; — B)' Xy, 50 that yern = epn + B/ Xe = er4n + & and ypip — Uyt =
eten + 0/ Xy — B,{Xt = eg¢yn — U¢. It follows that

Yiin — Wern — Geane)” = (Eegn + &) — (Eegn — )°

= & +2&eiin + 200 — U7,

which are the terms in the sums that define A, B, C, and D, respectively. O

Proof of Theorem 1. From the identity of Lemma A.4, the theorem follows by showing that
A+2B+2C—~D =8, —8,, +rlogp+ op(1).

We first consider C, which is the most interesting term. It follows from (6) and Lemma A.2 that

C = Z %U;v,,t—h(%)zilunyt + Op(l)
t:np+1
n h—1 n
= Z %UAFlE_lun’t — Z Z %u;’t,jZ_lun,t + 0,(1), (A1)
t:np—&-l Jj=1 t:np+l

where we write U, ¢ in place of Uy (£). Now

n

- Z %u;’tﬂ-Z_lun’t:% log p + 0,(1), j=1,...,h—1,
t=n,+1

where we applied Corollary A.1. The contribution from the last term in (A.1) is thus &€ = (y1 + -+ +

Yr-1) log p.
Applying Lemma A.3 to 2U;, ;X "y, ¢, we find

2C = Z %(U’r/L,tZ_lUn,t - U;L,tflz_lUmt—l - u;l}tE_lumt) + 26 4 0,(1)
t=n,+1
Uy oS Unm = 20, S WU, + 2 Y (2)2U) 57 Uy + klogp+0p(1). (A2)

n, < Mnp
t=n,+1
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Here we used £ = tr{S~1Q} = Y70, (S0 w4+ 0,(1) = 3020, L s + 0p(1) and

v; = v—;j. The penultimate term in (A.2) offsets the contributions from —D, because

n n
D= % Z (ﬁ)2UrlL,t—hMt_—tht—hXt/—hMt_—lhUn,t—h = % Z (ﬁ)zUr/L,t—hzilUn,t—h + Op(l)a
t=n,+1 t=n,+1

by (7) and Lemma A.2 with g(r) = r?. Next, A + 2B equals
B X X[ ,B= B X n X[ B +20' 2B Uy — 20" 2B, -
t=1 t=1

With Sy, = 8, [0 Xeen X[ 1] B = B — B+ B) [y Xeen X[ _1,] (B — B+ B), we have

(Sn—Sn) = UL, S Wpp——U,, S W +0p(1)
s np sMp P
+8 > Xen X[ B+ 2028 (Upm — Unm,), (A3)
t=n,+1

from which the result now follows. O

Proof of Corollary 1. This follows from writing

(ye — gt\t—h)Q — (Yt — @t\t—h)2 = {%2 — (Yt — Qt\t—h)2} - {yt2 — (Yt — ﬂt|t—h)2} )

where y? is the squared prediction error from the simple auxiliary (zero) forecast. [J

Proof of Theorem 2. The first result follows from Corollary 1 and the identity @, = Qy + Qn. Let

A I X%
0 I
Consider
k= tr{D710} = tr{(A'SA)LAQAY = tof [ T AQAY,
so that

R = tr{EﬁlQu} + tr{iflﬁgg.l},
where Qa9 = (=212, QU~22157, I)’. Now recall that Q = Z?ih 1T where T'; = plim2
Z?:l Xt,hetet,jXé_h_j, so that the terms that make up £299.1 are given from plim% Z?Zl Zt_nEtEt—j Zt’_h_j,

proving that Q. = . Hence, the result holds provided that

n n
plimi > "Xy, pee X1,y =pimi Y X X1 g, G=0,..h—1,

t=1 t=1
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which would imply Q41 = Q. Since e = € + B4 71, the result follows when 8y = n*1/2b, with b fixed.
O

Proof of Theorem 3. We establish the result by showing that the two expressions for the limit
distribution are identical. Then we derive the limit distribution for the difference between the two Wald
statistics and use their relation with T;,.

Consider F(r) = LB2%(r) —logr (for r > 0). By Ito stochastic calculus,

T r

_ OF OF | 1 _9°F _2 1 p2
dF = 8548 + |95 + 128, | du = 2BdB - L Bdr,

SO fpl 2BdB — fpl L Bdr = fpl dF(r) equals F(1) — F(p) = B?(1) —log 1 — B?(p)/p + log p.
Next, consider W,, — W,,, where, analogous to (A.3), 62(W,, — Wnp) is equal to

Sn - gnp

n,Mm,

. L1 n - L1
U, n® 1U"’"_EU/ S U, + 0p(1)

+6§ Z Zt—hZ;_hBQ + 2n1/26é(Un,n - Un,n,,)

t=n,+1

= B)YQUPSTIOVPB(1) - p' B(p) QST QY2 B(p)

+(1 = p)Pb'Sb + 2eb'QY2[B(1) — B(p)] + 0p(1).

Under Assumption 3, we have U, || = n~'/? Z}ZJ Ze_ner = Q%QB(T).
Now, define B (r) = QB(r), another g-dimensional standard Brownian motion, and use that o= 26'%, b =

Kk to arrive at

BOYAB(L) — p~ B(p) AB(p) + (1 — )k + 20 25Q12Q'[B(1) — B(p)

= DN (B - g BYp) + (1 - ) + 20,(B(1) ~ B(p))]

where we used that o-20'QY2Q" = VEQ~1/202Q25102Q = SO 1/22Q" = ¥YEQ12Q'A =
(a1A1, .., a4)g). Since B and B are identically distributed, the limit distribution may be expressed in
terms of B instead of B. O

Proof of Theorem 4. Let B(r) be a standard one-dimensional Brownian motion and define U =

w and V = &’p’), so that B(1) = /1 — pU+,/pV. Note that U and V' are independent standard

Gaussian random variables. Express the random variable B2(1) — B2(p)/p as a quadratic form:

!/

2 U 1—p p(1—p) U
(VI=pU+ypv) =V = :
|4 p(l—p)  p-—1 |4

and decompose the 2 x 2 symmetric matrix into Q'AQ, where A = diag(y/1 — p, —/1 — p) (the eigen-
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values) and

oo L[ VIEVI=s VI=VT=p
VZ\ VI-VI=p VIeVies )

so that Q'Q = I. Then the expression simplifies to /T — p(Z? — Z2) where Z = Q(U, V) ~ Ny(0,1). O

Proof of Theorem 5. Let Zy; Zs;, i = 1,...,q be i.i.d. N(0,1), so that X = >7 | 212,1 and Y =

7 Z227i are both Xg—distributed and independent. The distribution is given by the convolution

S VI= 028, - 23,) +logp| = /1= p(X —¥) +glogp.

=1
To derive the distribution of S = X — Y, where X and Y are independent Xg—distributed random
variables, note that the density of a x§ is

1
_ /2-1_—u/2
’lﬂq(u> = 1{u20} 2q/2r(%)uq e U2,

We are interested in the convolution of X and —Y, whose density is given by

£ = [ Tusoytalo) g soytatu = 9du = [ fu)uyfu = s)du

0Vs

e 1 1
_ q/2—1_—u/2 _ o\e/2-1 —(u—s)/2d
gy '

- es/? - u(u — 8))V* e udy
= FEpp e

Vs

For s < 0 the density is 2790(£)~2e%/2 [ (u(u — $))¥?7! e=*du. Using the symmetry about zero, we

arrive at the expression

1) = gz [ Gtk ) e
0

~ 2a0(%)

When ¢ = 1 this simplifies to fi(s) = %Ko(%), where Ky (z) denotes the modified Bessel function of the

. . . . . L]
second kind. For ¢ = 2 the expression for the density reduces to the simpler expression, fa(s) = ie‘T

)

which is the density of the Laplace distribution with scale parameter 2. O
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